s , with 0 < s < 1 < p < ∞, be the fractional p-Laplacian operator. We prove that the span of p-harmonic functions in B 1 is dense in C k (B 1 ).
Introduction
Recently much attention has been focused on the study of fractional operators. This is, in part, because these operators are taking an important role in applied mathematics. For example, they arise in fields like molecular biology [13] , combustion theory [2] , dislocations in mechanical systems [9] , crystals [14] and in models of anomalous growth of certain fractal interfaces [11] , to name a few.
Here we are going to study the fractional p-Laplacian. Before we start, let us fix some notation. By B r ⊂ R d we are going to denote the open ball with center at 0 ∈ R d and radius r > 0. Let U ⊂ R d be an open set, and k ∈ N ∪ {0},
is uniformly continuous on bounded subsets of U,
for all |α| ≤ k}, and if ϕ ∈ C k (U ) is bounded we write ||ϕ|| C k (U ) = |α|≤k ||D α ϕ|| C(U ) , where C(U) = C 0 (U ) and ||ϕ|| C(U ) = sup{|ϕ(x)| : x ∈ U }. The fractional p-Laplacian operator (−∆ p ) s , with 0 < s < 1 < p < ∞, is defined, for u : R d → R smooth enough, by
where the term P.V. stands for the (Cauchy) principal value. If we want to emphasize the dimension, where the operator is defined, we will write (−∆ p ) s d . We will say that a smooth function u :
Theorem 1 Let M be the set of all p-harmonic functions in B 1 . Given k ∈ N ∪ {0}, f ∈ C k (B 1 ) and ε > 0 there exists u ∈ span (M ) such that ||f − u|| C k (B 1 ) < ε.
The fractional p-Laplacian represents a natural extension of fractional Laplacian (p = 2). In the case of the fractional Laplacian the previous result was proved in [5] . More precisely, if p = 2 the fractional p-Laplacian is not a linear operator, but in the case p = 2 the fractional Laplacian is a linear operator and it is proved in [5] that M is dense in C k (B 1 ).
In the case of fractional Laplacian, there are new proofs of Theorem 1, see [8, 10, 12] . For more articles concerning the fractional p-Laplacian please see, for example, [3, 4, 17] and the references therein.
The paper is organized as follows. In Section 2 we present some preliminary facts and in Section 3 we give the proof of Theorem 1, which is based on [1, 5, 15] .
Preliminaries
By e 1 , ..., e d let us denote the canonical basis of R d and by ·, ·· the usual inner product in R d . Let us also introduce the function W 1 : R → R as
and the sign function σ : R → R by
Since t = |t|σ(t) we have, for each r ∈ R,
Let us also introduce the function
In what follows we will give a representation of (
, a similar expression, in the case p = 2, can be seen in [6] .
, 
Introducing the change of variable ζ = (
, and the change of variable
in the last equality we have used the change of variable r = t 2 /(1 + t 2 ) to get the usual definition of the Beta function (see [16] ). From this the results follows. Now let us find an elementary limit, essential in the evaluation of (−∆ p ) s 1 W 1 (1). Lemma 3 If 0 < s = 1 and p ∈ R, then
Proof. Let us consider p = 1. Changing of variable x = 1/ε we want to calculate
in the last equality we have used the change of variable y = xr. Now let us work with To calculate (−∆ p ) s 1 W 1 (1) we follows the method introduced in [1] .
Proof. From the definition (1) we have
Let us calculate each integral. For the first integral I 1 = (sp) −1 . In the second integral we use integration by parts to get
Now, for the third integral we use integration by parts and Lemma 3
Using the change of variable t = r/(1 − r) we get
Substituting this in I 3 we obtain
Adding the three integrals we get the desired result.
3 Proof of the main result
with respect to the hyperplane
with respect to the hyperplane H ξ = {x ∈ R d : x, e d = 0}. In any case, we have
and moreover
Proof of Theorem 1. For each ξ ∈ R d \{0} let us consider the function
From (3) and (4) we have
By Lemma 2 we get
for each x ∈ V ξ and α ∈ (N ∪ {0}) d . Now let us consider the linear space
v is smooth and p-harmonic in some neighborhood of 0}.
For each m ∈ N ∪ {0} we are going to denote by N m the number of elements of the set I m = {α ∈ (N ∪ {0}) d : |α| ≤ m}. Let us enumerate I m as {β 1 , ..., β Nm } and define the subset V Nm of R Nm as
The set V Nm is a linear subspace of R Nm . We claim that V Nm = R Nm . To prove this we proceed by contradiction, as in [15] . Suppose that V Nm R Nm . Thus there exists u = (u 1 , ..., u Nm ) ∈ R Nm , with |u| = 1, such that V Nm is contained in the hyperplane {x ∈ R Nm : x, u = 0}. By the previous discussion we know, that for each ξ ∈ R d \{0},
In this way (because R d \{0} is an open set, see [5] )
but s ∈ (0, 1) implies u = 0, contradicting |u| = 1. Now let us see the set of p-harmonic functions is total in C k (B 1 ). Let f ∈ C k (B 1 ) and ε > 0. By a density theorem (see, for example, Corollary 6.3 and Proposition 7.1 in the Appendixes of [7] ) there exists a polynomial
Let i ∈ {1, ..., n ε } and take m i = k + |γ i |. Let us enumerate I m i as {β 1 , ..., β Nm i }, where
, for all α ∈ I m i . Let us suppose, the smooth function, v i is p-harmonic in B r i . Then, let us consider the functionṽ i : B 1 → R defined as
and c(γ i ) is defined in (7) . The functionṽ i is p-harmonic in B 1 and In particular, for z = tx, x ∈ B 1 , we obtain (using |α + γ| ≤ m i , when |γ| ≤ |γ i |)
we have usedr i ∈ (0, 1). Then, by (6),
Therefore f is approximated by nε i=1 c iṽi , that belongs to the span of p-harmonic functions in B 1 .
